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@ F denotes either R or C.

@ V denotes a finite-dimensional inner product space over F.
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@ The Spectral Theorem will answer
these questions.

@ The answer is depends upon
whether the scalar field is real or
complex.
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Suppose F = C and T € L(V). Then the
following are equivalent:
(a) T is normal.
(b) V has an orthonormal basis consisting
of eigenvectors of T.
(c) T has a diagonal matrix with respect
\ to some orthonormal basis of V. y
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We have proved that (c) implies (a). The
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Continuing in this fashion, we see that all
the nondiagonal entries in the matrix
equal 0. Thus the matrix above is
diagonal, and (c) holds. B
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T € £(C?) whose matrix is
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following are equivalent: 3 2

(a) T is normal.

(b) V has an orthonormal basis consisting As you can verify,
of eigenvectors of T. (i,1) (=i, 1)
(c) T has a diagonal matrix with respect V2 V2
\_fosome orthonormal basisof V. } s an orthonormal basis of C? consisting

of eigenvectors of T.
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Suppose F = C and T € L(V). Then the
following are equivalent:
(a) T is normal.

(b) V has an orthonormal basis consisting
of eigenvectors of T.

(c) T has a diagonal matrix with respect

\ to some orthonormal basis of V. y

Example: Consider the normal operator
T € £(C?) whose matrix is

2 -3
3 2 '
As you can verify,
(ia 1) (*i’ 1)
V2 V2

is an orthonormal basis of C? consisting
of eigenvectors of T.

With respect to this basis the matrix of T
is the diagonal matrix

2+ 3i 0
0 2-3i )
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Example: Consider the self-adjoint
operator T on R* whose matrix is

14 —-13 8
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As you can verify,
(17_170) (17 17 l) (17 17_2)

V2o V3T e
is an orthonormal basis of R? consisting
of eigenvectors of T.
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Suppose F =R and T € L(V). Then the

following are equivalent:

(a) T is self-adjoint.

(b) V has an orthonormal basis consisting
of eigenvectors of T.

(c) T has a diagonal matrix with respect

\ to some orthonormal basis of V. y

Example: Consider the self-adjoint
operator T on R* whose matrix is

14 —-13 8
—13 14 8 .
8 8 =7

As you can verify,
(1,-1,0) (1,1,1) (1,1,-2)
V2o V3T Ve
is an orthonormal basis of R? consisting

of eigenvectors of T. With respect to this
basis, the matrix of T is the diagonal

mautrix 7 0 0
0 9 0 .
0O 0 -—15
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