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@ F denotes either R or C.

@ V denotes an inner product space over F.




Orthonormal Lists

(Definition: orthonormal )

@ Alist of vectors in V is called
orthonormal if each vector in
the list has norm 1 and is
orthogonal to all the other
vectors in the list.

@ In other words, alist ey, ..., e,
of vectors in V is orthonormal if

ey 41 =k
ej,er) = )
PRV 0 i £k
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Orthonormal Linear Combinations

(The norm of an orthonormal Iinear\
combination

If e, ..., ey is an orthonormal list of vectors
in V, then
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Orthonormal Linear Combinations

(The norm of an orthonormal Iinear\ Orthonormal list is linearly
combination independent
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Orthonormal Linear Combinations

(The norm of an orthonormal Iinear\
combination

If e, ..., ey is an orthonormal list of vectors
in V, then

later + - + amem|* = |ar1|* + -+ + |am|?

dorallal,...,ameF. )
Proof Pythagorean Theorem

Orthonormal list is linearly
independent

Every orthonormal list of vectors
is linearly independent.

Proof Suppose eq,...,e, iS an or-
thonormal list of vectors in V and
ai,...,a, € F are such that

ajer + -+ ape, = 0.

Then |ai|? + - - + |a|* = 0, which
means that all the g;’s are 0. Thus
er,...,ey is linearly independent.
i
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1 1 1 1 1 1 1 1 1 1 1
(302:202): (3030 —2—2)s (3: =3~ 2>
is an orthonormal basis of F*.

(Writing a vector as linear combination oP
orthonormal basis

Suppose ey, ..., e, is an orthonormal basis of V
andv € V. Then

V= <V,€1>€1 +-+ <V, en>en

and
2 2 2
v||© = |(v,e + -+ [(v,e .
L P = 1{v,e)] (0] )
Proof There exist scalars ay, ..., a, such that

v =aje; + - - - + aye,. Take inner product with e;.



Gram—-Schmidt Procedure

\

(Gram—Schmidt Procedure

Suppose vy,...,v, is a linearly independent
list of vectors in V. Let ey = v;/|vi1]|. For
Jj=2,...,m, define ¢; inductively by

P (vyer)er — - — (vj,¢i-1)¢j-1
v = (vjser)er — - — (vj, ej—1)ej—1]|
Then ey, ..., e, is an orthonormal list of vectors
in V such that
span(vy,...,vj) = span(ey,...,e)
forj=1,...,m.

\




Gram—-Schmidt Procedure

Jj=2,...,m, define ¢; inductively by

in V such that

span(vy, ..., vj) = span(ej,...,e;)

forj=1,...,m.
__’ "

(Gram—Schmidt Procedure h
Suppose vy,...,v, is a linearly independent
list of vectors in V. Let ey = v;/|vi1]|. For

o VT Upener = = (v, ¢1)¢j-1
T v = iy er)er — -+ = (v, ei-1)ej1l
Then ey, ..., e, is an orthonormal list of vectors

Example:
Suppose V = P,(R), where the
inner product is given by

1
(.q) = / P3)a(x)d.

Applying the Gram—Schmidt
Procedure to the basis 1, x, x>
produces the orthonormal basis
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( Existence of orthonormal basis w

Every finite-dimensional inner product
space has an orthonormal basis.




Orthonormal Bases

( Existence of orthonormal basis w
LEvery finite-dimensional inner producj

space has an orthonormal basis.

Proof Suppose V is finite-dimensional.
Choose a basis of V. Apply the Gram—
Schmidt Procedure to it, producing an
orthonormal list with length dim V. This
orthonormal list is an orthonormal basis
of V.11




Orthonormal Bases

~

( Existence of orthonormal basis w (Orthonormal list extends to
j orthonormal basis

Every finite-dimensional inner produc
space has an orthonormal basis.

Suppose V is finite-dimensional. Then
every orthonormal list of vectors in V

Choose a basis of V. Apply the Gram—  basis of V.

Schmidt Procedure to it, producing an
orthonormal list with length dim V. This
orthonormal list is an orthonormal basis

J

of V. 1




Upper-Triangular Matrices

~

(Schur’s Theorem

Suppose V is a finite-dimensional com-
plex vector space and T € L(V). Then
T has an upper-triangular matrix with

Cespect to some orthonormal basis of V)
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(Schur’s Theorem

Suppose V is a finite-dimensional com-
plex vector space and T € £(V). Then
T has an upper-triangular matrix with
respect to some orthonormal basis of V.

. J
Proof T has an upper-triangular matrix
with respect to some basis vy, ..., v, of V:
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Cespect to some orthonormal basis of V)
Proof T has an upper-triangular matrix
with respect to some basis vy,...,v, of V:

* *
M(T) = ..
0 *
Thus span(vy,...,v;) is invariant under T

foreachj=1,...,n.
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Upper-Triangular Matrices

(Schur’s Theorem )

Suppose V is a finite-dimensional com-
plex vector space and T € L(V). Then
T has an upper-triangular matrix with

Cespect to some orthonormal basis of V)

Proof T has an upper-triangular matrix

with respect to some basis vy,...,v, of V:

* *
M(T) = ..
0 *
Thus span(vy,...,v;) is invariant under T
foreachj=1,...,n.

Apply the Gram—Schmidt Procedure to
Vi, .., Vs, producing an orthonormal ba-
sisey,...,e, of V.

Because

span(er,...,ej) = span(vi,...,vj)
for each j, we conclude that
span(er,...,e) is invariant under T
foreachj = 1,...,n. Thus T has an

upper-triangular matrix with respect to
the orthonormal basis ey, ..., e,. i



Linear Functionals

( Definition: linear functional w

A linear functional on V is a linear map
from V to F. In other words, a linear
functional is an element of L(V,F).




Linear Functionals

( Definition: linear functional w

A linear functional on V is a linear map
from V to F. In other words, a linear
functional is an element of L(V,F).

Example: Suppose u € V. Define
¢: V—Fby
p(w) = (w,u).

Then ¢ is a linear functional on V.




Linear Functionals

( Definition: linear functional w

~

(Riesz Representation Theorem

A linear functional on V is a linear map

from V to F. In other words, a linear Suppose V is finite-dimensional and ¢
functional is an element of £(V, F). is a linear functional on V. Then there
is a unique vector u € V such that
Example: Suppose u € V. Define p(w) = (w,u)
p: V—>Fby doreveryweV )
p(w) = (w,u).

Then ¢ is a linear functional on V.




Linear Functionals

~

( Definition: linear functional w

(Riesz Representation Theorem

A linear functional on V is a linear map
from V to F. In other words, a linear
functional is an element of L(V,F).

Suppose V is finite-dimensional and ¢
is a linear functional on V. Then there
is a unique vector u € V such that

Example: Suppose u € V. Define p(w) = (w,u)
: fi .
p: V—>Fby B koreveryweV )
p(w) = (w,u).

Proof Lete,...,e, be an

is ali ional on V. .
Then ¢ is a linear functional on V. orthonormal basis of V. Then

u=er)e; + -+ plen)en.
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