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@ F denotes either R or C.

@ V denotes a finite-dimensional nonzero vector space over F.




Identity Matrix; Inverse of a Matrix

~

(Definition: identity matrix, |

Suppose n is a positive integer. The
n-by-n diagonal matrix
1 0
1= .
0 1
\is called the identity matrix.




Identity Matrix; Inverse of a Matrix

(Definition: identity matrix, | h

rDefinition: invertible, inverse, A~!

Suppose n is a positive integer. The
n-by-n diagonal matrix
1 0
1= .
0 1

is called the identity matrix.
\ Y y

A square matrix A is called invertible if
there is a square matrix B of the same
size such that

AB =BA =1,
we call B the inverse of A and denote it

AL
LY Y,




Matrix of an Operator

(Definition: matrix of an operator)
M(T)

Suppose T € L(V) and vy,...,v, and
wi, ..., w, are bases of V. The matrix
of T with respect to these bases is the
n-by-n matrix M(T) whose entries A«
are defined by

Tvi = Al,kwl + .- +An7kwn.

\

J




Matrix of an Operator

(Definition: matrix of an operator)
M(T)

Suppose T € L(V) and vy,...,v, and
wi, ..., w, are bases of V. The matrix
of T with respect to these bases is the
n-by-n matrix M(T) whose entries A«
are defined by

Tvi = Al,kwl + .- +An7kwn.

\. J

If the bases are not clear from the
context, then use the notation
/\/l(T, (vl,...,v,l),(w],...,wn)).




Matrix of an Operator

(Definition: matrix of an operator)
./\/l(T) Vi ... Vg ... Vy

Wi Ay

Suppose T € L(V) and vy,...,v, and
wi, ..., w, are bases of V. The matrix
of T with respect to these bases is the
n-by-n matrix M(T) whose entries A«
are defined by

Wn An,k

Tvi = Al,kwl + - +An7kwn.
.
If the bases are not clear from the
context, then use the notation
/\/l(T7 Viyeeoyvn), (W, ... 7w,,)).

J




Matrix of an Operator

(Definition: matrix of an operator)
M(T) Vi ... Vi ... Vyu
wi Aq
M(T) =

Wn Ak

)

Suppose T € L(V) and vy,...,v, and
wi, ..., w, are bases of V. The matrix
of T with respect to these bases is the
n-by-n matrix M(T) whose entries A«

are defined by The k" column of M(T) consists of the

scalars needed to write Tv; as a linear

\ Tvi = Apgwy + - + A kWa. ) combination of wi, ..., wy:

n
If the bases are not clear from the Ty, = ZA/kWi’
context, then use the notation = o

/\/l(T7 (vl,...,v,,),(wl,...,wn)).



Matrix of an Operator

(Definition: matrix of an operator)
M(T) Vi ... Vi ... Vyu
wi Aq
M(T) =

Wn Ak

)

Suppose T € L(V) and vy,...,v, and
wi, ..., w, are bases of V. The matrix
of T with respect to these bases is the
n-by-n matrix M(T) whose entries A«

are defined by The k" column of M(T) consists of the

scalars needed to write Tv; as a linear

9 Tvp = Ay w1 + - -+ + An W D combination of wi, ..., wy:

n
If the bases are not clear from the Ty, = ZAJ' W
context, then use the notation = ’

M(T, (vi,..oyvn), (Wi, oo wy)).
(7 s ) ML (viseevn), v, ovn) =1



Matrix of the Identity with Respect to Two Bases

( The matrix of the product of operators

M(S,(Vl, . Vn W1,.. ) ( ul,..., (vl,...,vn)).

— |

L M(ST,(ul, colty), (Wi, n)




Matrix of the Identity with Respect to Two Bases

( The matrix of the product of operators

M(ST,(ul,...,u (Wi, ... n)
M(S,(Vl, . Vn Wl,.. ) ( ul,..., ,(vl,...,vn)).

~

— |

(Matrix of the identity with
respect to two bases

Suppose uy,...,u, and vy, ..., v,
are bases of V. Then

ML (ury -y un), (1,2, vn)
and

ML, (viy - svn), (o un))

\are inverses of each other. )




Matrix of the Identity with Respect to Two Bases

( The matrix of the product of operators \

M(ST,(ul,...,u (Wi, .., n)
M(S,(Vl, . Vn Wl,.. ) ( ul,..., ,(vl,...,vn)).

~

(Matrix of the identity with

respect to two bases .
Proof In the result above, replace w; with u;,

Suppose uy,...,u, and vy, ..., v,
are bases of V. Then

ML (ury -y un), (1,2, vn)
and

ML, (viy - svn), (o un))

\are inverses of each other. )




Matrix of the Identity with Respect to Two Bases

( The matrix of the product of operators \

M(ST,(ul,...,u (uy, ..., u 1)
M(S,(Vl, . Vn ) ( ul,..., ,(vl,...,vn)).

~

(Matrix of the identity with

respect to two bases .
Proof In the result above, replace w; with u;,

Suppose uy,...,u, and vy, ..., v,
are bases of V. Then

ML (ury -y un), (1,2, vn)
and

ML, (viy - svn), (o un))

\are inverses of each other. )




Matrix of the Identity with Respect to Two Bases

( The matrix of the product of operators \

M(ST,(ul,...,u (uy, ..., u n)
M(S,(Vl, . Vn ) ( ul,..., ,(vl,...,vn)).

~

(Matrix of the identity with

respect to two bases ,
Proof  In the result above, replace w; with u;,

and replace S and T with 1,

Suppose uy,...,u, and vy, ..., v,
are bases of V. Then

M(I, (ul,...,un),(vlwuavn))

and
./\/l(I, Viyeoeyvn), (ug,. .. ,un))
@re inverses of each other. )




Matrix of the Identity with Respect to Two Bases

( The matrix of the product of operators \

M(l,(ul,...,u ul,..., n)
./\/l(l,(vl,. V), ) ul,...,un),(vl,...,vn)).

~

(Matrix of the identity with

respect to two bases ,
Proof  In the result above, replace w; with u;,

and replace S and T with 1,

Suppose uy,...,u, and vy, ..., v,
are bases of V. Then

M(I, (ul,...,un),(vlwuavn))

and
./\/l(I, Viyeoeyvn), (ug,. .. ,un))
@re inverses of each other. )




Matrix of the Identity with Respect to Two Bases

( The matrix of the product of operators \
M(I,(ul,...,u ul,..., n)
M(I,(vl, Cs V), ) ul,...,un),(vl,...,vn)).
(Matrix of the identity with A
r Wi
espect to two bases Proof In the result above, replace w; with u;,
Suppose u, ...,u, and vy, ...,v, | andreplace Sand T with / getting
are bases of V. Then L= ML (vi,...ovn), (1, ... up))-
M(I, (yy ... up), (vl,...,vn)) ,/\/l(l, (g, yup), (vi,. .. ,v,l)).
and
./\/l(I, Viyeoeyvn), (ug,. .. ,un))
\are inverses of each other. )




Matrix of the Identity with Respect to Two Bases

( The matrix of the product of operators \
M(I,(ul,...,u (uy, ..., u n)
M([,(Vl, g vn ) ul;-"vun)v(vlv"'avn))‘
(Matrix of the identity with A
r Wi
espect to two bases Proof In the result above, replace w; with u;,
Suppose u, ...,u, and vy, ...,v, | andreplace Sand T with / getting
are bases of V. Then I=M(L(vi,. o vn), (U1, up))-
ML (ury -y un), (1,2, vn) ML (ur, e yun), (V1,2 v).
and Now interchange the roles of the «’s and v’s,
M(I, V1, vn), (u, - .. ,un)) getting the product in the other order. il
\are inverses of each other. )




Change of Basis Formula

( The matrix of the product of operators

M(ST,(ul,...,u Wi, .. owa)) =
M(S,(vl,. V) (Wi, .. ) ( (tyy ... u ,(vl,...,v,,)).




Change of Basis Formula

( The matrix of the product of operators

./\/l(ST,(ul,...,u Wi, .. owa)) =
M(S,(vl,. V) (Wi, .. ) ( (tyy ... u ,(vl,...,vn)).

~N

(Change of basis formula

Suppose T € L(V). Letuy,...,u, and
vi,...,v, be bases of V. Let

A =./\/l(I7 (ul,...,un),(vl,...,vn)).
Then

M(T(ul,..l. n))
=A" " M(T,(vi,...,v))A.
L (T, (n n)) )




Change of Basis Formula

( The matrix of the product of operators w

M(ST, (ul,...,un),(wl,...,w,,)) =
./\/l(S, (vl,...,vn),(wl,...,wn))./\/l(T, (ul,...,un),(vl,...,vn)).

i Proof In the result above, replace w; with u;
(Change of basis formula A P / /

Suppose T € L(V). Letuy,...,u, and
vi,...,v, be bases of V. Let

A =./\/l(I7 (ul,...,un),(vl,...,vn)).
Then

M(T,(ul,...,u,,)
= AT M(T, (v1,...,v))A.
N Ein A




Change of Basis Formula

( The matrix of the product of operators w

M(ST, (tyy oo yun), (uy, ..., u,,)) =
./\/l(S, Vi, eyvn), (uyy - ., un))./\/l(T, (ul,...,un),(vl,...,vn)).

i Proof In the result above, replace w; with u;
(Change of basis formula A P / /

Suppose T € L(V). Letuy,...,u, and
vi,...,v, be bases of V. Let

A =./\/l(I7 (ul,...,un),(vl,...,vn)).
Then

M(T,(ul,...,u,,)
= AT M(T, (v1,...,v))A.
N Ein A




Change of Basis Formula

( The matrix of the product of operators w

M(ST, (tyy. . un), (U, .., un)) =
./\/l(S, Viyeoeyvn), (Ury - ., un))./\/l(T, (ul,...,un),(vl,...,vn)).

7\ Proof Inthe result above, replace w; with u;

( .
Change of basis formula and replace S with /

Suppose T € L(V). Letuy,...,u, and
vi,...,v, be bases of V. Let

A =./\/l(I7 (ul,...,u,,),(vl,...,v,,)).
Then

M(T,(ul,...,u,,)
= AT M(T, (v1,...,v))A.
N Ein A




Change of Basis Formula

( The matrix of the product of operators w

M(T,(ul,...,un),(ul, ol un)) =
./\/l(l,(vl,...,vn),(ul, e, un))./\/l(T, (ul,...,un),(vl,...,vn)).

7\ Proof Inthe result above, replace w; with u;

( .
Change of basis formula and replace S with /

Suppose T € L(V). Letuy,...,u, and
vi,...,v, be bases of V. Let

A =./\/l(I7 (ul,...,u,,),(vl,...,v,,)).
Then

M(T,(ul,...,u,,)
= AT M(T, (v1,...,v))A.
N Ein A




Change of Basis Formula

( The matrix of the product of operators w

M(T,(ul,...,un),(ul, ..

M(I,(vl,...,vn),(ul, ..

.,un)) =

- un))./\/l(T, (ul,...,un),(vl,...,vn)).

(Change of basis formula

~N

vi,...,v, be bases of V. Let

Then

M(T,(ul, ey Up)
= AT M(T, (v1,. .., v))A.

\

Suppose T € L(V). Letuy,...,u, and

A =./\/l(I7 (ul,...,u,,),(vl,...,v,,)).

J

Proof In the result above, replace w; with u;
and replace S with 7, getting

M(T(ur, ... uy))



Change of Basis Formula

( The matrix of the product of operators w

M(ST, (ul,...,un),(wl,...,w,,)) =
./\/l(S, (vl,...,vn),(wl,...,wn))./\/l(T, (ul,...,un),(vl,...,vn)).

7\ Proof Inthe result above, replace w; with u;

(Change of basis formula and replace § with £, getting
Suppose T € L(V). Letuy,...,upand | M(T,(u1, ... un))
vi,...,v, be bases of V. Let = AT M(T, (ury - yn)s (Vs vn)).
A= ML (u1, - tn), (V1,0 -5 V). Now in result above replace w; with v;.
Then
M(T,(ul, = ,Un)
L = A" M(T, (vi,...,va))A. )




Change of Basis Formula

( The matrix of the product of operators w

M(ST, (tyy. oo yttn), Vi, - .o, vn)) =
./\/l(S, Viyeeoyvn), (Viy oo ey vn))./\/l(T, (ul,...,un),(vl,...,vn)).

7\ Proof Inthe result above, replace w; with u;

(Change of basis formula and replace § with £, getting
Suppose T € L(V). Letuy,...,upand | M(T,(u1, ... un))
vi,...,v, be bases of V. Let = AT M(T, (ury - yn)s (Vs vn)).
A= ML (u1, - tn), (V1,0 -5 V). Now in result above replace w; with v;.
Then
M(T,(ul, = ,Un)
L = A" M(T, (vi,...,va))A. )




Change of Basis Formula

( The matrix of the product of operators w

M(ST, (tyy. .o ytn), (Viy - vn)) =
./\/l(S, Viyeeyvn), V1, o oey vn))./\/l(T, (ul,...,un),(vl,...,vn)).

7\ Proof Inthe result above, replace w; with u;

( .
Change of basis formula and replace § with £, getting
Suppose T € L(V). Letuy,...,upand | M(T,(u1, ... un))
vi,...,v, be bases of V. Let = AT M(T, (w1, ), (Vi - v)-
A= ML (u1, - tn), (V1,0 -5 V). Now in result above replace w; with v;. Also
Then replace T with 1
M(T,(ul, ey Up)
= A" M(T, (vi,...,v))A.
\_ ( ) J




Change of Basis Formula

( The matrix of the product of operators w

./\/l(S (upyocoou), (v, oony vn)) =
./\/l(S, Viyeeyvn), V1, o oey vn))./\/l(l,(ul,...,un),(vl,...,vn)).

7\ Proof Inthe result above, replace w; with u;

( .
Change of basis formula and replace § with £, getting
Suppose T € L(V). Letuy,...,upand | M(T,(u1, ... un))
vi,...,v, be bases of V. Let = AT M(T, (w1, ), (Vi - v)-
A= ML (u1, - tn), (V1,0 -5 V). Now in result above replace w; with v;. Also
Then replace T with 1
M(T,(ul, ey Up)
= A" M(T, (vi,...,v))A.
\_ ( ) J




Change of Basis Formula

( The matrix of the product of operators w

./\/l(S (upyocoou), (v, oony vn)) =
./\/l(S, Viyeeyvn), V1, o oey vn))./\/l(l,(ul,...,un),(vl,...,vn)).

7\ Proof Inthe result above, replace w; with u;

(. .
Change of basis formula and replace § with £, getting
Suppose T € L(V). Letuy,...,upand | M(T,(u1, ... un))
vi,...,v, be bases of V. Let = AT M(T, (w1, ), (Vi - v)-
A= ML (u1, - tn), (V1,0 -5 V). Now in result above replace w; with v;. Also
Then replace T with I and replace S with 7,
M(T,(ul, ey Up)
= A_l/\/l(T, (vi,.-.,vn))A.
G J




Change of Basis Formula

( The matrix of the product of operators w

M(T,(ul,...,un),(vl, e vn)) =
./\/l(T, Viyeeyvn), V1, o oey vn))./\/l(l,(ul,...,un),(vl,...,vn)).

7\ Proof Inthe result above, replace w; with u;

(. .
Change of basis formula and replace § with £, getting
Suppose T € L(V). Letuy,...,upand | M(T,(u1, ... un))
vi,...,v, be bases of V. Let = AT M(T, (w1, ), (Vi - v)-
A= ML (u1, - tn), (V1,0 -5 V). Now in result above replace w; with v;. Also
Then replace T with I and replace S with 7,
M(T,(ul, ey Up)
= A_l/\/l(T, (vi,.-.,vn))A.
G J




Change of Basis Formula

( The matrix of the product of operators w

M(T,(ul,...,un),(vl, e vn)) =
./\/l(T, Viyeeyvn), V1, o oey vn))./\/l(l,(ul,...,un),(vl,...,vn)).

7\ Proof Inthe result above, replace w; with u;

(. .
Change of basis formula and replace § with £, getting
Suppose T € L(V). Letuy,...,u, and M(T7(u17 . ,un))
vi,...,v, be bases of V. Let = AT M(T, (w1, ), (Vi - v)-
A= ML (u1, - tn), (V1,0 -5 V). Now in result above replace w; with v;. Also
Then replace T with 7 and replace S with 7, getting
M(T,(Ml, . ’un) M(T,(Ml, s 7”)1): (Vla sy Vn))
:A_lM(T, (Vl,...,Vn))A. :M(T* (Vl,...,Vn))A.
g J




Change of Basis Formula

( The matrix of the product of operators w

M(T,(ul,...,un),(vl, e vn)) =
./\/l(T, Viyeeyvn), V1, o oey vn))./\/l(l,(ul,...,un),(vl,...,vn)).

7\ Proof Inthe result above, replace w; with u;

(" .
Change of basis formula and replace § with I, getting
Suppose T € L(V). Letuy,...,u, and M(T (w1, ... 1))
Vi,...,v, be bases of V. Let — AT M(T, (- t), (01,2 v0))
A= M(I (- un), (Vi) Now in result above replace w; with v;. Also
Then replace T with I and replace S with 7, getting
M(T,(ul, ey Up) M(Tv(”h ey tn)y (VI aVn))
= AT M(T, (v1,. .., v))A. = M(T, (v1,...,vn))A.
- J Substitute, getting the desired result. B
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